In this paper we have investigated the synchronization behavior of a restricted three body problem under the effect of radiation pressure evolving from different initial conditions using active control technique based on the Lyapunov-stability theory and Routh-Hurwitz criteria. The designed controller with our own choice of coefficient matrix of error dynamics are found to be effective in the stabilization of error states at the origin, thereby synchronization between the state variables of two dynamical systems under the consideration. Numerical simulations are presented to illustrate the effectiveness of the proposed control techniques using mathematica.
Introduction
Synchronization is the dynamical process by which two or more oscillators adjust their rhythms due to a weak interaction [1] . This problem has received the great attention in the literature due to its importance in engineering and physical sciences, as well as in the challenging biological and social entities [1, 2, 3] . Chaotic synchronization did not attract much attention until Pecora and Carroll [4] introduced a method to synchronize two identical chaotic systems with different initial conditions in 1990 and they demonstrated that chaotic synchronization could be achieved by driving or replacing one of the variables of a chaotic system with a variable of another similar chaotic device. From then on, enormous studies have been done by researchers on the synchronization of dynamical systems. In the last two decades considerable research has been done in non-linear dynamical systems and their various properties. One of the most important properties is synchronization. Here, synchronization in restricted three body problem under the effect of radiation pressure has been focused. Restricted three body problem attracted a great attention of researchers for a long time. Apparently, Euler was the first who introduced the notion of the restricted three body problem in [5] , devoted to the motion of the Earth and the Moon relative to the Sun. It was possible to neglect the masses of the Earth and the Moon relative to the Sun mass, and also the smallness of the Moon and Earth masses ratio was taken into account. Neglect of the mass of one body compared with the masses of two other bodies simplifies essentially the solution of the problem. In addition, Bruns and Poincare [6] proved that the general solution of the three-body problem cannot be represented by algebraic or one-valued transcendental functions of coordinates and velocities of the bodies. In the research on the three-body problem, Poincare became the first person to discover a chaotic deterministic system [7] and underlined a possibility of chaotic behaviour in three body problem. A well known modification of the RTBP is that of Sitnikov [8] and stabilization of chaotic behavior in restricted three body problem on the example of a perturbed Sitnikov case has been studied in 2006 [9] . In general, this problem is related to stabilization and control of unstable and chaotic behavior of dynamical systems by external forces.
Synchronization techniques have been improved in recent years and many different methods are applied theoretically as well as experimentally to synchronize the chaotic systems, including adaptive control [10, 11, 12] , backstepping design [13, 14, 15] , active control [16, 17, 18] nonlinear control [19, 20, 21, 22] and observer based control method [23, 24] . Using these methods, numerous synchronization problem of well-known chaotic systems such as Lorenz, Chen, Lü and Rössler system have been worked on by many researchers. Recently, Ge et al. [25, 26, 27, 28, 29, 30] also studied chaotic synchronization of many practical physical systems and obtained interesting results. Among these methods chaos synchronization using active control has recently been widely accepted because it can be used to synchronize identical as well as non-identical systems; a feature that gives it an advantage over other methods.
In this paper, active control techniques base on the Lyapunov stability theory and Routh-Hurwitz criteria have been used to study the synchronization behavior of RTBP under the effect of radiation pressure. The system under consideration is chaotic for some values of parameter involved in the system. Here two systems (master and slave) are synchronized and start with different initial conditions. This problem may be treated as the design of control laws for full chaotic slave system using the known information of the master system so as to ensure that the controlled receiver synchronizes with master system. Hence the slave chaotic system completely traces the dynamics of the master system in the course of time.
The aim of this study to investigate the synchronization behavior of RTBP under the effect of radiation pressure.
Equations of motion
Equations of motion of restricted three body problem under the effect of radiation pressure are [31] :
with
where r 1 and r 2 are the distances between third body and primaries. g i ; i = 1, 2 are generic notation for handling the general problem, introduced by Elipe (1992) , and
where G i functions depending on the distances r i , i = 1, 2, and μ = f m 2 , with f the gravitational constant and m 2 is the mass of one of the primaries.
Synchronization via Active Control
The system defined by (1) can be written as a system of six first order differential equations. The six variables are introduced as below:
From (1) and (2),
and r
corresponding to master system (3), the identical slave system is defined as:
+ u 2 (t)
+ u 4 (t) and error dynamics are expressed as:
From equations (3), (4) and (5), we geṫ e 1 (t) = e 2 (t) + u 1 (t) e 2 (t) = 2e 4 (t) + e 1 (t) − e 1 (t) (1 + μ)g 1 r
e 5 (t) = e 6 (t) + u 5 (t)
The error dynamical system (6) to be controlled must be a linear system with control inputs. Therefore we redefine the control functions such as to eliminate non-linear terms in e 1 (t), e 2 (t), e 3 (t), e 4 (t), e 5 (t) and e 6 (t) of equation (6) as follows:
using (6) and (7), we havė
Equation (8) is the error dynamics, which can be interpreted as a control problem where the system to be controlled is a linear system with control inputs v 1 (t), v 2 (t), v 3 (t), v 4 (t), v 5 (t) and v 6 (t). We choose v 1 (t), v 2 (t), v 3 (t), v 4 (t), v 5 (t) and v 6 (t) as follows:
where A is 6× 6 constant feedback matrix to be determined. The error dynamical system (8) can be written as:
where B is 6× 6 co-efficient matrix. According to the Lyapunov stability theory and Routh-Hurwitz criteria, eigen-values of the co-efficient matrix of error system must be real or complex with negative real parts. We can choose elements of matrix arbitrarily, there are several ways to choose in order to satisfy Lyapunov and Routh-Hurwitz criteria. Consequently, for
becomes a matrix with eigen values having negative real parts. Equation (9) with equation (10) reduces to,ė 1 (t) = −e 1 (t) e 2 (t) = −e 2 (t) e 3 (t) = −e 3 (t) e 4 (t) = −e 4 (t) e 5 (t) = −e 5 (t) e 6 (t) = −e 6 (t)
Thus, by Lyapunov stability theory, above error dynamical system is stable.
Numerical Simulations for Synchronization
For the parameters involved in the system under investigation μ = 1, g 1 = 2, g 2 = 3 with the initial conditions for master and slave systems Fig. 6 Convergence of error e 2 (t) Fig. 7 Convergence of error e 3 (t) Fig. 8 Convergence of error e 4 (t) Fig. 9 Convergence of error e 5 (t) Fig. 10 Convergence of error e 6 (t) Fig. 11 Combined convergence of errors e 1 (t), e 2 (t), e 3 (t), e 4 (t), e 5 (t), e 6 (t)
Conclusion
An investigation on synchronization in restricted three body problem under the effect of radiation pressure via active control technique based on Lyapunov stability theory and Routh-Hurwitz criteria have been made. The results were validated by numerical simulations using Mathematica.
